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Improved  Bounds f o r  I n t e g e r  P r og r ams :  
A S u p e r g r o u p  Approach  
David  E .  B e l l *  
A b s t r a c t  
R e c e n t  work by F i s h e r  and  S h a p i r o  h a s  u s e d  Gomory's  
g r o u p  t h e o r e t i c  me thods  t o g e t h e r  v i t h  L a g r a n g e  m u l t i p l i e r s  
t o  o b t a i n  bounds  f o r  t h e  o p t i m a l  v a l u e  o f  i n t e g e r  p r o g r a m s .  
Here  i t  i s  shown how an e x t e n s i o n  o f  t h e  a s s o c i a t e d  a b e l i a n  
g r o u p  t o  a  s u p e r g r o u p  c a n  impr ove  t h e  bound v i t h o u t  t h e  
a r t i f i c i a l i t y  o f  a d d i n g  a  c u t .  I t  i s  p r o v e d  t h a t  t h e r e  
e x i s t s  a  f i n i t e  g r o u p  f o r  which  t h e  d u a l  a s c e n t  p r o c e d u r e  
o f  F i s h e r  and S h a p i r o  c o n v e r g e s  t o  t h e  o p t i m a l  i n t e g e r  
s o l u t i o n .  C o n s t r u c t i v e  me thods  a r e  g i v e n  f o r  f i n d i n g  t h i s  
g r o u p .  A worked example  i s  i n c l u d e d .  
A p r i m a l - d u a l  a s c e n t  a l g o r i t h m  o f  F i s h e r  and  S h a p i r o  [3] 
u s e s  L a g r a n g e  m u l t i p l i e r s  v i t h  Gomory' s g r o u p  p r o b l e m s  [5] t o  
g i v e  bounds  on t h e  o p t i m a l  v a l u e  o f  i n t e g e r  p r o g r a m s .  I f  t h e  
a s c e n t  p r o c e d u r e  d o e s  n o t  d i s c o v e r  t h e  o p t i m a l  s o l u t i o n ,  a  
c u t  i s  a v a i l a b l e  t o  add  t o  t h e  o r i g i n a l  I . P .  p r o b l e m  a f t e r  
wh ic h  t h e  who le  p r o c e s s  o f  f o r m i n g  t h e  g r o u p  p r ob l em and  
a p p l y i n g  t h e  a s c e n t  p r o c e d u r e  may be  r e p e a t e d .  T h i s  p a p e r  
g i v e s  a  method  o f  i m p r o v i n g  t h e  bound w i t h o u t  t h e  need  o f  
a d d i n g  a  c u t  by e x t e n d i n g  t h e  g r o u p  t o  a  s u p e r g r o u p .  I t  i s  
p r o v e d  t h a t  a  f i n i t e  s u p e r u r o u p  e x i s t s  f o r  which  t h e  a s c e n t  
p r o c e d u r e  g i v e s  t h e  o p t i m a l  s o l u t i o n ,  a n d  a  c o n s t r u c t i v e  
method f o r  f i n d i n g  t h i s  g r o u p  i s  g i v e n .  
The f i r s t  s e c t i o n  o u t l i n e s  t h e  b a s i c  i d e a s  o f  t h e  p r i m a l -  1 
d u a l  a s c e n t  method o f  F i s h e r  and  S h a p i r o .  
T h i s  r e s e a r c h  was p a r t  o f  a  d o c t o r a l  t h e s i s  s u p e r v i s e d  
by P r o f e s s o r  J . F .  S h a p i r o  a t  t h e  O p e r a t i o n s  R e s e a r c h  C e n t e r ,  
M a s s a c h u s e t t s  I n s t i t u t e  o f  T e c h n o l o g y ,  U.S . A .  
1. T h e  P r i m a l - D u a l  A s c e n t  A l u o r i t h m  
T h e  g e n e r a l  l l n e a r  i n t e g e r  p r o g r a m m i n g  p r o b l e m  i s  
- 
min  c  w 
w > 0 i n t e g e r  , 
w h i c h  may b e  r e w r i t t e n  i n  t e r m s  o f  a  d u a l  f e a s i b l e  L . P .  b a s i s  
B  as  
z* = m i n  c x  
s . t .  Nx 5 b  
Nx E b  
x > 0 i n t e g e r  , 
- 
-1- 
w h e r e  A = ( B , N ) ,  w = ( x B , x ) ,  b  = B  b ,  N = B - l i  a n d  c  1 0 i s  
t h e  m o d i f i e d  c o s t  v e c t o r .  T h e  s y m b o l  ' Z '  w i l l  r e p r e s e n t  e q u a l -  
i t y  w i t h  r e s p e c t  t o  a d d i t i o n  m o d u l o  1 u n l e s s  i n d i c a t e d  o t h e r v i s e .  
D e f i n e  
f o r  n o n - n e g a t i v e  v e c t o r s  u ,  a n d  c a l l  
~ ( u )  = m i n  L ( u , x )  
X E X  
t h e  L a g r a n g i a n  f o r  p r o b l e m  ( 2 ) ,  w h e r e  
x = { x  > O J N X  : b ,  x  i n t e g r a l ]  . 
P r o b l e m  ( 3 )  i s  a  s h o r t e s t  r o u t e  p r o b l e m  a n d  i s  e a s i l y  s o l v e d  
161. T h e  f o l l o w i n g  s e t  d e f i n i t i o n s  v i l l  b e  u s e f u l .  
w h e r e  T  i s  a n  i n d e x  s e t  f o r  X .  
T h e  f o l l o w i n g  p r o p e r t i e s  o f  t h e  L a g r a n g i a n  a r e  w e l l  
known [l, 31 . 
Lemma 1.  F o r  u  0 ,  c  + uN 0 ,  t h e  L a g r a n g i a n  i s  c o n t i n u o u s ,  
c o n c a v e ,  a n d  a  l o w e r  b o u n d  f o r  t h e  o p t i m a l  I . P .  v a l u e .  
S i n c e  L ( u )  i s  a  l o w e r  b o u n d  f o r  t h e  I.P. t h e  b e s t  o f  
t h e s e  b o u n d s  i s  e v i d e n t l y  g i v e n  by  t h e  d u a l  p r o b l e m  
L = max L ( U )  . 
u > o  
To s o l v e  ( 4 )  c o n s i d e r  t h e  f o l l o w i n g  r e f o r m u l a t i o n  
L  = max v 
o r ,  e q u i v a l e n t l y ,  
T h i s  p r o b l e m  i s  s t r a i g h t f o r w a r d  t o  s o l v e  u s i n g  c o l u m n  
g e n e r a t i o n  b u t  t h i s  a p p r o a c h  h a s  b e e n  f o u n d  t o  b e  s l o w  a n d  s o  
a n  a s c e n t  p r o c e d u r e  f o r  L ( u )  w a s  d e v i s e d  w h i c h  g i v e s  m o n o t o n i -  
c a l l y  i n c r e a s i n g  l o v e r  b o u n d s .  T h e  i d e a  i s  t o  g e n e r a t e ,  f r o m  
- 
a n y  g i v e n  v e c t o r  u  a n e v  v e c t o r  u * ,  f o r  w h i c h  ~ ( u * )  > L(;) .  
I t  c a n  be  shown [l, 31 t h a t  i f  s *  > 0 t h e  o p t i m a l  v a l u e  
o f  v , v *  s a y ,  i n  t h e  l i n e a r  p r o g r a m  ( 7 1 ,  g i v e s  a  d i r e c t i o n  o f  
- 
a s c e n t  f r o m  u ,  t h a t  i s ,  f o r  some k  > 0 ,  
and  i f  s *  = 0 t h e n  u i s  o p t i m a l .  
S* = max s  
w h e r e  I ( u )  = f i l u i  = 01, J ( u )  = f j l c j  + u a  = 0) and  s  h a s  j  
b e e n  a r b i t r a r i l y  bounded  a b o v e  by 1. 
I f  s *  > 0 t h e  new v e c t o r  u* i s  c h o s e n  by s e t t i n g  
u* = u + kOv* where  k0 i s  t h e  maximum v a l u e  s u c h  t h a t  
When t h e  o p t i m a l  v a l u e  L = L ( u * )  h a s  b e e n  f o u n d ,  i f  t h e  
o p t i m a l  s o l u t i o n ,  A*, t o  ( 6 )  i s  i n t e g r a l ,  t h a t  i s  A T  = 0 f o r  
a l l  b u t  o n e  x E X ,  t h e n  t h a t  x  mus t  b e  t h e  o p t i m a l  s o l u t i o n .  
I f  A* i s  n o t  i n t e g r a l  t h e n  t h e  c u t  
may b e  a d d e d  t o  ( 1 )  a n d  t h e  whole  p r o c e d u r e  r e p e a t e d ,  s t a r t i n g  
f r o m  a  d u a l  f e a s i b l e  L . P .  b a s i s  f o r  t h e  new p r o b l e m .  
The a i m  h e r e  i s  t o  p r o v i d e  a  means  o f  i m p r o v i n 8  t h e  b o u n d  
L v i t h o u t  t h e  n e c e s s i t y  o f  a d d i n g  a  c u t .  
2 .  The Method 
The I.P. problem ( 2 )  may be written as 
min cx 
s.t. x + Nx = b B 
XB, X > 0 integral , 
where xB are the basic variables. 
- 
Define variables y, y by the relation 
positive integers and 0 < y < 6 .  Since the condition 
x > 0 is implied by the two conditions y ,  y > 0, ( 8 )  may B - 
be written equivalently as 
min cx 
s.t. y + Nx 2 b 
y + N x : b  (mod6) 
y,x > 0 integer . 
Relaxing the conditions y > 0 leaves the folloving problem 
in terms of y, x, 
min cx 
y + AX f b (mod 6, 
Y,X > 0 integer. 
N o t e  t h a t  C o m o r y ' s  a s y m p t o t i c  p r o b l e m  i s  j u s t  ( 1 0 )  w i t h  
6 .  = 1, i = l , . . . , m .  Once  a g a i n  ( 1 0 )  i s  a  s h o r t e s t  r o u t e  
p r o b l e m  a n d  i s  e a s i l y  s o l v e d .  
L e t  G b e  t h e  a b e l i a n  g r o u p  i n  t h e  o r i g i n a l  f o r m u l a t i o n  
a n d  C* t h a t  g e n e r a t e d  i n  ( 1 0 ) .  
T h e o r e m  2 .  G* 2 G @ Z l  @ ' *  ' 8  Zm ; 
t h a t  i s ,  C* i s  i s o m o r p h i c  t o  t h e  d i r e c t  sum o f  G w i t h  m 
c y c l i c  g r o u p s ,  w h e r e  Zi h a s  o r d e r  6 . .  
P r o o f .  C o n s i d e r  t h e  s e t  
- 
rn 
T h e  o r d e r  o f  S i s  I G (  .ll 6 i r  f o r  i f  
1=1 
1 1 2 2 
13 + c p i e i  = g  + c p i e i  , 
t h e n  
g1 z g  2 (mod 1 )  
s o  t h a t  
1 -  2 p .  = 11. (mod 6 .  ) f o r  a l l  i 
a n d  h e n c e  
1 2 2 g  = g , p l = p  . 
I t  r e m a i n s  t o  show t h a t  S a n d  C* a r e  i d e n t i c a l .  
G* i s  g e n e r a t e d  b y  ( e  l , . . . , e  m , a l , . . . , a  } S O  l e t  
n  m 
g *  5 1 X . a  + Z p . e .  
1 1  
(mod 6 )  
j = 1  J j i=1 
w i t h  p ,  X b o t h  i n t e g r a l .  
Now 
n  
Z X a  E g f o r  some  gEG , j=l j j 
h e n c e  
n  
- 
Z X a  = g + x p . e  
j= l  j j 1 i 
so t h a t  m 
- 
g *  = R + Z ( u i + p i ) e i  (mod 6 )  . 
i= l  
H e n c e  i f  
- 
: p  + p  (mod 6 )  , 0 < p * < 6  9 
- 
t h e n  
m 
a n d  ~ * E S .  Thus  
If S E S  a n d  
w h e r e  
g : E A . a  (mod 1 )  
j =1 J j 
t h e n  
a n d  
B u t  0  5 6 < 6, h e n c e  SEG* a n d  t h u s  S 5 G * .  
C o r o l l a r y .  I G * ~  = ( G l . l d e t  A J .  
p r o o f .  I t  f o l l o w s  d i r e c t l y  f r o m  t h e  t h e o r e m .  I t  may e a s i l y  
b e  s e e n  t h a t  (G.1 d i v i d e s  l d e t  ~ I . l d e t  A !  s i n c e  G* i s  g e n e r a t e d  
i n  t h e  o r d i n a r y  m a n n e r  b y  t a k i n g  7 a s  t h e  b a s i s  f o r  t h e  g r o u p  
p r o b l e m  i n  t h e  L .P .  
min  c x  
- 
B A ~  + BY + iix = b 
a n d  t h e r e f o r e  ( s e e  [ l o ] )  ( G * (  d i v i d e s  l d e t  B A ~ .  I I 
T h e  d e r i v a t i o n  o f  t h e  S m i t h  N o r m a l  Form o f  BA w h i c h  i s  r e q u i r e d  
f o r  t h e  s i m p l i f i c a t i o n  o f  t h e  g r o u p  e q u a t i o n s  [7] d o e s  n o t  
seem t o  b e  made e a s i e r  by k n o w i n g  t h e  c o r r e s p o n d i n g  f o r m  f o r  
B  b u t  f o r  a  c e r t a i n  c a s e  i t  i s  p o s s i b l e .  
T h e o r e m  3 .  I f  q l ,  . . . , q r  a r e  t h e  e l e m e n t a r y  d i v i s o r s  o f  B, 
a n d  d e t  B ,  61, ... , 6m a r e  e a c h  m u t u a l l y  c o p r i m e  t h e n  t h e  
e l e m e n t a r y  d i v i s o r s  o f  BA a r e  q l ,  . . . , q r - l ,  ( d e t  A l q r .  
P r o o f  . C o n s i d e r  t h e  m a t r i x  El1 w h i c h  i s  B  v i t h  t t . e  f i r s t  c o l u m n  
m u l t i p l i e d  by  ti1. I t  i s  s u f f i c i e n t  t o  s h o v  t h a t  q  i s  un-  
r -1 
a l t e r e d .  B u t  qr- l  r e p r e s e n t s  t h e  g r e a t e s t  common d i v i s o r  o f  
t h e  ( m - 1 )  x ( m - 1 )  m i n o r s  o f  B, ( s e e  [8] ) .  Nov t h e r e  a r e  m 
s u c h  m i n o r s  v h i c h  a r e  l e f t  c o n s t a n t  i n  B ~ ,  t h a t  i s  t h e y  c o n t a i n  
n o  e l e m e n t s  o f  c o l u m n  1. B u t  l d e t  B I  i s  a  l i n e a r  c o m b i n a t i o n  
o f  t h e s e  m m i n o r s  t h u s  i f  t h e y  h a v e  a  common f a c t o r  i t  m u s t  
d i v i d e  l d e t  B I .  B u t  61 a n d  ( d e t  E l l  a r e  c o p r i m e  t h u s  qr-,  i s  
u n c h a n g e d .  By r e p e t i t i o n  v i t h  6 2 , . . . , 6  t h e  t h e o r e m  
m 
i s  p r o v e d .  I I 
T h e  p u r p o s e  o f  t h i s  n e v  f o r m u l a t i o n  i s  t o  i n c r e a s e  f u r t h e r  
t h e  l o v e r  b o u n d  L  o b t a i n e d  b y  t h e  p r i m a l - d u a l  a s c e n t  m e t h o d .  
L e t  X *  = { ( y , ~ )  2 0 I y  + N X  E b  (mod 6 1 ,  y ,  x  i n t e g r a l )  
v i t h  i n d e x  s e t  T*.  
Lemma 5 .  T h e  i n d e x  s e t s  T ,  T* a r e  e q u i v a l e n t  
P r o o f .  I f  X E X  t h e n  I x  - b  i s  i n t e g r a l  s o  t h a t  y  2 b  - Nx (mod 6  
i s  i n t e g r a l .  i l e n c e  
( Y Y X ) E ~ *  
If ( y , x ) € x 4  t h e n  
y  b  - Nx (mod 6 )  , 
a n d  s i n c e  y  i s  i n t e g r a l ,  s o  i s  
b - Nx. 
H e n c e  X E X .  
T h u s  T* may b e  c o n s i d e r e d  t o  b e  p r e c i s e l y  T a n d  f u r t h e r  
r e f e r e n c e  t o  i t  a s  a  d i s t i n c t  s e t  v i l l  n o t  b e  n e c e s s a r y .  
R e c a l l  t h a t  A *  i s  t h e  o p t i m a l  s o l u t i o n  t o  
w i t h  o p t i m a l  d u a l  v e c t o r  u * .  
T h e  L a g r a n g i a n  a s s o c i a t e d  w i t h  p r o b l e m  ( 1 0 )  i s  
L * ( u )  = min { c x  + u ( y  + Rx - b)) 
( Y , X ) E ~ *  
y i e l d i n g  a c o r r e s p o n d i n g  p r i m a l  p r o b l e m  
T h e  f o l l o w i n g  t h e o r e m  e s t a b l i s h e s  some p r o p e r t i e s  o f  ( 1 3 ) .  
T h e o r e m  6 .  i )  L < _ L * < z i  
t i i )  A* i s  i n f e a s i b l e  i f  X:(u*y ) # 0 f o r  some t 
i i i )  L  < L* i f  u*y t  > 0 f o r  a l l  ~ E T ( u * ) .  
P r o o f .  i )  S i n c e  y t  2 0 f o r  a l l  ~ E T  a n y  f e a s i b l e  s o l u t i o n  
o f  ( 1 3 )  i s  f e a s i b l e  i n  ( 1 2 ) .  H e n c e  L  < L*.  I f  x k  i s  t h e  
o p t i m a l  i n t e g r a l  s o l u t i o n ,  t h e n  A k  = 1 i s  f e a s i b l e  i n  ( 1 3 )  
k  k  
s i n c e  Nx + y  < b ,  s o  t h a t  L* < z * .  
= L i t * ( N i x t  - b . )  + E At*yi  t 
t ET t ET 
t I f  X t * ( u * y  ) # 0 t h e n  
E Xt*yit  > 0 f o r  some  u  > 0 
~ E T  i 
s o  t h a t  A* i s  i n f e a s i b l e  i n  ( 1 3 ) .  
i i i )  I t  i s  s u f f i c i e n t  t o  show t h a t  
I f  X E X (  u * )  t h e n  
s i n c e  u * y  > 0 5 y  a s s u m p t i o n .  
I f  x @ ( u * )  t h e n  i t  i s  e a s i l y  shown by  i n d u c t i o n  t h a t  u* 
i s  r a t i o n a l  a n d  h e n c e  s o  i s  ( c  + u * N ) x  a n d  t h u s  
H e n c e  
a s  r e q u i r e d .  1 1 
T h e  a l g o r i t h m i c  q u e s t i o n  i s  t h u s ,  i n  k n o v i n g  t h e  s o l u t i o n ,  
A * ,  t o  p r o b l e m  ( 6 ) ,  h o v  s h o u l d  t h e  v a l u e  o f  d b e  c h o s e n ?  
F o r  some if!I(u*) l e t  d .  b e  t h e  g r e a t e s t  common d i v i s o r  
o f  N . x t  - b  f o r  t h o s e  t f o r  'which At* > 0. 
C o r o l l a r y  6.1. A* i s  i n f e a s i b l e  i n  ( 1 3 )  i f  6 i  d o e s  n o t  d i v i d e  
d i  . 
t P r o o f .  If 6 . f d .  t h e n  N.x 2 b i ( m o d  6 . )  f o r  some  t f o r  w h i c h  
1 1  
t A t  > 0 s o  t h a t  t h e  c o r r e s p o n d i n g  y i  > 0. H e n c e  A u a y t  > 0 t i 
a n d  by  t h e  t h e o r e m ,  A* i s  i n f e a s i b l e .  ) I  
N o t e  t h a t  t h e  c o r o l l a r y  i n c l u d e s  t h e  c a s e  6 i  > d i .  I 
C o r o l l a r y  6.2. I f  6 .  d o e s  n o t  d i v i d e  Nixt - b .  f o r  a l l  
~ E T ( u * )  f o r  some  if!I(u*) t h e n  
P r o o f .  I n  t h i s  c a s e ,  u*y t  > 0 f o r  a l l  t ~ T ( u * ) .  
F o r  i l l u s t r a t i v e  p u r p o s e s  c o n s i d e r  t h e  c a s e  when t h e  b o u n d  L 
c a n n o t  b e  i m p r o v e d ,  t h a t  i s ,  when L = z*. 
i )  X *  i s  i n t e g r a l .  I n  t h i s  c a s e  A *  > 0 o n l y  f o r  t 
t h e  o p t i m a l  f e a s i b l e  s o l u t i o n  x* .  I f  u* > 0 
t h e n  N . x *  = b .  s o  t h a t  a l l  v a l u e s  o f  6 i  d i v i d e  
1 
N.x* - b i .  H e n c e  t h e  c o n d i t i o n s  o f  t h e  c o r o l -  
l a r i e s  c a n n o t  b e  m e t .  
i i )  A* i s  n o t  i n t e g r a l .  T h e n  
2 .  = C X %  > C X *  + ,,*(Nx* - b )  = L ( u * , x * )  ) L ( u * )  = L . 
T h e r e f o r e  x * ~ X ( u * )  a n d  s o  t h e  c o n d i t i o n s  o f  t h e  
s e c o n d  c o r o l l a r y  c a n n o t  b e  m e t .  
T h e s e  s u f f i c i e n t  c o n d i t i o n s  on  A s u c h  t h a t  t h e  bol lnd 
may b e  i m p r o v e d  a r e  n o t  v e r y  s t r i n g e n t  a n d  b m i g h t  o f t e n  b e  
c h o s e n  s o  t h a t  l d e t  A (  i s  n o t  l a r g e ,  b u t  t h i s  i s  a m a t t e r  
o f  t r s d e o f f  b e t w e e n  e f f i c i e n c y  a n d  g a i n .  N o t e  t h a t  i f  
i ~ I ( u * )  i t  m i g h t  a s  w e l l  b e  t h a t  6  = 1 s i n c e  i n  t h l s  c a s e  i 
6 i  p l a y s  n o  p a r t  i n  t h e  c o n d i t i o n s .  
T h e  q u a n t i t i e s  N .x t  - b .  a r e  a v a i l a b l e  i n  t h e  o p t i m a l  
b a s i s  m a t r i x  Q o f  p r o b l e m  ( 1 3 ) .  T h i s  d o e s -  n o t  f u r n i s h  a l l  
o f  ~ ( u * )  b u t  i s  p r o b a b l y  s u f f i c i e n t  t o  c h o o s e  A i n  p r a c t i c e .  
C o r o l l a r y  6 . 3 .  I f  p  i s  t h e  s m a l l e s t  p r i m e  n o t  d i v i d i n g  d e t  Q 
t h e n  i f ,  f c r  some  i d l ( u * ) ,  6 .  = p ,  6 j  = 1. j # i ,  t h e n  
A* i s  infeasible. 
P r o o f .  I n  t h i s  c a s e  6 .  d o e s  n o t  d i v i d e  d .  s i n c e  d .  d i v i d e s  
d e t  Q .  1 I 
3 .  An E x a m p l e  
C o n s i d e r  t h e  I n t e g e r  P r o g r a m  
min  h x  + y  
s . t *  9 x  + y  + g w =  11 
-12X + 7 y  + 32 = 11 
v ,  I ,  y ,  z  > 0 i n t e g e r  
The optimal basic variables are ( w , Z '  fi 1 the prirn~1~-aua! 
ascent algorithm eives L = 3, I(u*) = { l ) .  The actlve 
elements of X are x1 = ( 0 ,  2), x2 = (3, 2), x 3  = (2, 5 ) ,  
11 1 
the primal-dual solution beins I *  = (E, E, 0). 
so that d = d2 = 1 8nd there are no restrictions on the 1 
choice of A. Since u* = 0 ,  61 vill be assigned the value 1 
1. 
The folloving table gives values of L* for increasing 
3 
values of fi2. The optimal solution to the problem is x , 
hence z* = 13. 
6, A *  - L* 
1 11 1 -12' 12' O 3 
2 5 1 g. g% 0 4 
3 3 1 r;, r;. 0 5 
4 2  1 0  
3' 3' 6 
5 2  1 0  3' 3' 6 
6 I I 0  2' 2' 8 
7 2 1 ,  3' 3' 6 
8 l I 0  2' 2' 8 
at vhich point the gap is closed. 
4 .  C o n v e r g e n c e  
T h e  e x a m p l e  h a d  t h e  p l e a s i n g  p r o p e r t y  t h a t  f o r  some v a l u e  
o f  6 ,  n a m e l y  (1 ,  1 2 ) ,  t h e  p r i m a l - d u a l  a s c e n t  m e t h o d  g a v e  t h e  
o p t i m a l  I . P .  s o l u t i o n .  
T h e o r e m  7 .  I f  t h e  L . P .  f e a s i b l e  r e g i o n  o f  t h e  p r o b l e m  i s  
b o u n d e d ,  t h e n  t h e r e  e x i s t s  a f i n i t e  v e c t o r  6  f o r  w h i c h  t h e  
m o d i f i e d  a s c e n t  m e t h o d  g i v e s  t h e  o p t i m a l  i n t e g r a l  s o l u t i o n ,  
o r  s h o w s  t h a t  t h e r e  i s  n o n e .  
P r o o f .  S i n c e  t h e  L . P .  r e g i o n  i s  b o u n d e d ,  t h e r e  e x i s t s  some 
f i n i t e  0 , f 3  > 0  s u c h  t h a t  
6 > max a x  
X Z O .  
L e t  
a n d  d e f i n e  
m a x ( ~ . x - b . )  - m i n ( ~ . x - b . )  D .  = max { Y  ' xEY 
a n d  s i n c e  D .  i s  f i n i t e ,  l e t  b i  b e  t h e  s m a l l e s t  f i n i t e  i n t e g e r  
s t r i c t l y  g r e a t e r  t h a n  D i ,  f o r  a l l  i = l , . . . , m  . N o t e  t h e n  
t h a t  f o r  a l l  X ~ E X O Y  i f  
t h e n  
t Nx + y t - h Z O  (mod 6 )  9 
X t E x  n y  
t h e n  
t Nx + y t - b ? O .  
Consider the solution to 
t 
min Z Xt(cx ) 
tfT 
Let 
and a* be the solution to (14). 
Thus 
hence 
consider the point 
Since x* > 0 ,  Nx* 5 b, then ax* < 0 .  But x* is a convex 
combination of vectors satisfying ax > 0 (since all xtc X n Y  
have ~ET') which is a contradiction. Hence 
X t  = 0 for all tcTO, 
so that A *  > 0 implies tf'i;o and (14) forces 
t 
so that xt is feasible and thus optimal. 
P r o b l e m  ( 1 4 )  c a n  h a v e  no f e a s i b l e  s o l u t i o n  i f  and  o n l y  
i f  t h e r e  i s  no f e a s i b l e  I . P .  s o l u t i o n .  I I 
A l t h o n g h  t h e  t h e o r e m  o n l y  d e a l s  w i t h  b o u n d e d  l i n e a r  
p r o g r a m s ,  c l e a r l y  a n y  unbounded  L.P. w i t h  a  known I.P. u p p e r  
bound c a n  be c o n v e r t e d .  
5. Summary 
A number o f  c o n d i t i o n s  were  g i v e n  c o n c e r n i n g  a  s u i t a b l e  
c h o i c e  o f  6 ,  d e p e n d i n g  o n  t h e  o p t i m a l  s o l u t i o n  X f  and  t h e  
c o r r e s p o n d i n g  a c t i v e  e l e m e n t s  o f  X .  I t  i s  c e r t a i n l y  n o t  
n e c e s s a r y  t o  a w a i t  o p t i m a l i t y  b e f o r e  c h o o s i n g  a  v a l u e  o f  6 
a n d ,  o f  c o u r s e ,  6 may b e  i n c r e a s e d  r e p e a t e d l y  a s  d e s i r e d .  
Thus a t  a n y  t i m e  t h e r e  i s  a v a i l a b l e  a c h o i c e  o f  a d d i n g  t h e  
c  u t  
a n d  r e s t a r t i n g  o r  c h o o s i n g  a  h i g h e r  v a l u e  o f  6 .  A t h i r d  
m e t h o d ,  n o t  d i s c u s s e d  h e r e ,  i s  t o  c h o o s e  a n - a l t e r n a t i v e  b a s i s  
t o  p r o b l e m  ( l ) ,  o t h e r  t h a n  B ,  o n  w h i c h  t o  a p p l y  t h e  a s c e n t  
a l g o r i t h m  ( s e e  B e l l  a n d  F i s h e r  [2] ) .  
P r e l i m i n a r y  c o m p u t a t i o n  w i t h  t h e  a s c e n t  a l g o r i t h m  a p p e a r s  
p r o m i s i n g .  T h i s  e x t e n s i o n  p r o v i d e s  a  s i m p l e  c o n s t r u c t i v e  
m e t h o d  f o r  r e s o l v i n g  a n y  d u a l i t y  g a p .  
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